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Abstract
In this paper, we will prove Serre’s multiplicity conjectures for large class of connected
algebras (not necessarily commutative), using the intersection multiplicity defined by Ext
groups instead of Tor groups. Since this new definition of the intersection multiplicity
agrees with classical Serre’s definition for nice commutative rings, the result is a
noncommutative version of that of Peskine and Szpiro. The result also applies to
noncommutative filtered algebras in certain situations.
 2002 Elsevier Science (USA). All rights reserved.
1. Intersection multiplicities
Let R be a noetherian ring and M , N be finitely generated R-modules. For a
commutative regular local ring R, Serre defined the intersection multiplicity of M
and N by
χ(M,N) :=
∞∑
i=0
(−1)i length TorRi (M,N)
when length (M⊗R N) <∞. We use this definition for any commutative ring R,
not necessarily a regular local ring, when it is well defined. Serre’s multiplicity
conjectures are:
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Conjecture 1.1 (Serre, 1961 [1]). Let R be a noetherian commutative regular
local ring and M , N be finitely generated R-modules such that length(M ⊗R
N) <∞. Then
• (Dimension) KdimM +KdimN KdimR.
• (Vanishing) If KdimM +KdimN < KdimR, then χ(M,N)= 0.
• (Positivity) If KdimM +KdimN =KdimR, then χ(M,N) > 0.
Serre proved the dimension conjecture in general and the other conjectures
for a noetherian commutative regular local ring containing a field (1961). The
vanishing conjecture was proved by Roberts [2] and Gillet and Soulé [3]
independently (1985). In fact, they proved it for a noetherian commutative local
complete intersection ring R and finitely generated R-modules M , N of finite
projective dimension. The positivity conjecture is still open. If R, M , N are
all graded, then a stronger version of Serre’s multiplicity conjectures holds by
Peskine and Szpiro [4] (1974).
Now we would like to extend the definition of the intersection multiplicity
to noncommutative rings. Since Tor groups of two right modules do not make
sense but Ext groups do, we simply replace all Tor groups by Ext groups in the
definition. Motivated by [5], our new candidate for the intersection multiplicity
for a commutative ring R is
ξ(M,N) :=
∞∑
i=0
(−1)i lenght Ext iR(M,N).
In fact, if R is a nice commutative ring, then ξ agrees with χ up to sign by Chan.
Theorem 1.2 [6, Theorem 4]. Let R be a noetherian commutative local complete
intersection ring, and M , N be finitely generated R-modules of finite projective
dimension. If length(M ⊗R N) <∞ and KdimM +KdimN KdimR, then
χ(M,N)= (−1)KdimNξ(M,N).
By the above theorem, we would like to adopt ξ as a definition of the
intersection multiplicity for noncommutative rings (up to sign), but here is
another obstacle: if R is not commutative and M , N are right R-modules, then
Ext iR(M,N) is no longer an R-module so length Ext
i
R(M,N) does not make
sense. However, if R is an algebra over a field k, then ExtiR(M,N) has a k-vector
space structure so dimk ExtiR(M,N) makes sense. In fact, if R is a commutative
local ring containing the residue field k, then length and k-vector space dimension
of an R-module agree. Moreover, if R is a commutative finitely generated k-
algebra and k is algebraically closed, then again length and k-vector space
dimension of an R-module agree by Hilbert Nullstellensatz. So we define the
intersection multiplicity for noncommutative k-algebras (up to sign) as follows:
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Definition 1.3. Let R be a noetherian k-algebra and M be a finitely generated
right R-module.
(1) For a finitely generated left R-module N , we define
χ(M,N)=
∞∑
i=0
(−1)i dimk TorRi (M,N).
(2) For a finitely generated right R-module N , we define
ξ(M,N)=
∞∑
i=0
(−1)i dimk Ext iR(M,N).
Of course, χ and ξ are not always well defined. For example, ξ(M,N) is well
defined if and only if
(1) ExtiR(M,N)= 0 for all i 0, and
(2) dimk ExtiR(M,N) <∞ for all i  0.
We define
r(M,N)= sup{i | Ext iR(M,N) 
= 0
}
so that the first condition is equivalent to r(M,N) <∞. Note that r(M,N) 
sup{projdimM, injdimN} but the inequality could be strict. If R has finite global
dimension, then r(M,N) <∞ for all M , N .
In this paper, we will prove Serre’s multiplicity conjectures for connected
algebras using these definitions of the intersection multiplicity.
2. Some properties of connected algebras
Throughout let k be a fixed field. A connected k-algebra is a graded algebra
of the form A = A0 ⊕ A1 ⊗ A2 ⊗ · · · where A0 = k. It is known that there
are strong analogies between connected algebras and commutative local rings.
In this section, we will define some properties of connected algebras. First, we
will extend some homological properties of commutative local rings to connected
algebras.
Let A be a connected algebra. One reasonable assumption on A to have good
intersection theory is that the intersection multiplicity of “the origin” and “the
whole space” is 1. It is clear that χ(A,k) = χ(k,A) = ξ(A, k) = 1. We expect
that ξ(k,A) is also 1 up to sign, but ξ(k,A) is not always well defined for
a general connected algebra A. We will impose some conditions on A so that
ξ(k,A) is well defined. Recall that there are two conditions in order for ξ(k,A)
244 I. Mori / Journal of Algebra 252 (2002) 241–257
to be well defined. The first condition r(k,A) <∞ is guaranteed if A has finite
injective dimension as a graded right module over itself. The second condition
dimk ExtiA(k,A) < ∞ for all i  0 is guaranteed by the condition χ defined
below:
Definition 2.1. Let A be a noetherian connected k-algebra. We say that A satisfies
χ on the right if dimk ExtiA(k,M) <∞ for all i  0 and for all finitely generated
graded right A-modules M . The condition χ on the left is similarly defined.
The condition χ is rather mild. Every noetherian commutative connected
algebra satisfies it, and so do most noetherian noncommutative connected algebras
of importance. The condition χ is essential to get a theory for noncommutative
algebraic geometry which resembles the commutative theory. See [7] for details.
Definition 2.2. A noetherian connected algebra A is called AS-Gorenstein on the
right if A satisfies χ on both sides and has finite injective dimension as a graded
right module over itself.
A noetherian connected algebra A is called AS-regular if A satisfies χ on both
sides and has finite global dimension.
By definition, every AS-regular algebra is AS-Gorenstein on both sides. If
A is AS-Gorenstein, then ξ(k,A) is well defined. Under mild assumptions, the
converse is also true ([8, Theorem 4.5], [9, Theorem 1.2]). This suggests that
AS-Gorenstein algebras are most reasonable algebras to have good intersection
theory.
Next, we will define an AS Cohen–Macaulay algebra.
Definition 2.3. Let A be a connected algebra and M be a graded right A-module.
The i-th local cohomology group of M is
Him(M)= limn→∞Ext
i
A(A/An,M).
We define the local dimension of M by
ldimM = sup{i |Him(M) 
= 0
}
.
Suppose that ldimA = d < ∞. A right dualizing module is a graded A-A
bimodule wA such that, for each i , there is a functorial isomorphism
ExtiA(M,wA)∼=Hd−im (M)∗
of graded left A-modules for all finitely generated graded right A-modules M ,
where Hd−im (M)∗ is the Matlis dual of Hd−im (M).
A noetherian connected algebra is called AS Cohen–Macaulay on the right if
A has a right dualizing module wA.
Since A/An is a graded A-A bimodule, we can also define these notions for
a graded left A-module M .
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By definition, it is clear that wA ∼=Hdm(A)∗ as graded left A-modules.
Lemma 2.4. Let A be a connected algebra with ldimA = d <∞. If A has a
right dualizing module wA, then the injective dimension of wA as a graded right
A-module is d .
Proof. By [10, Proposition 1.7], the injective dimension of wA can be calculated
by
sup
{
i | ExtiA(M,wA) 
= 0 for all finitely generated graded
right A-modules M
}
.
But for every finitely generated graded right A-module M ,
ExtiA(M,wA)∼=Hd−im (M)∗ = 0
if i > d , and ExtdA(k,wA)∼=H 0m(k)∗ ∼= k 
= 0, hence the result. ✷
It is known that if A is AS-Gorenstein algebra, then A is AS Cohen–Macaulay,
and a dualizing module wA is isomorphic to a shift of A as graded left and right
A-modules.
Finally, we will define some numerical properties of connected algebras.
Definition 2.5. Let V be a graded k-vector space. We define a(V )= sup{i | Vi 
=
0} and b(V ) = inf{i | Vi 
= 0}. We say that V is bounded above (respectively
below) if a(V ) <∞ (respectively b(V ) >∞). We say that V is locally finite if
dimk Vi <∞ for all i . For a locally finite graded k-vector space, we define the
Hilbert series of V by
HV (t)=
∞∑
i=−∞
(dimk Vi)ti ∈ Z[[t, t−1]],
and GKdimension of V by
GKdimV = inf{ρ ∈R | dimk Vi  iρ−1 for all i 0}.
The following lemma is useful in this paper.
Lemma 2.6. Let A be a right noetherian connected algebra, and M be a finitely
generated graded right A-module. Then
(1) M is locally finite and bounded below.
(2) Let N be a graded left A-module. If N is locally finite, then so is TorAi (M,N)
for all i  0. If N is bounded below, then so is TorAi (M,N) for all i  0. In
fact, b(TorAi (M,N)) b(M)+ b(N)+ i for all i  0.
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(3) Let N be a graded right A-module. If N is locally finite, then so is
ExtiA(M,N) for all i  0. If N is bounded below, then so is ExtiA(M,N)for all i  0.
(4) Let S be a left noetherian connected algebra, and N be a graded S-A
bimodule. If N is finitely generated as a graded left S-module, then
ExtiA(M,N) is a finitely generated graded left S-module for all i  0.
Proof. (1) follows from [7, Proposition 2.1]. (2) and (3) follows from (1) by
considering a minimal finitely generated free resolution of M . (4) follows from
[7, Proposition 3.1 (4)]. ✷
We are mainly interested in a graded module M such that GKdimM <∞ and
HM(t) is a rational function over the complex number. In this case, GKdimM is
the order of the pole of HM(t) at t = 1, which is an integer. If A is a noetherian
commutative connected algebra and M is a finitely generated graded A-module,
then HM(t) is a rational function over the complex number and GKdimM =
KdimM <∞. For such a graded module, we will define the multiplicity.
Definition 2.7. Let V be a locally finite graded k-vector space such that
GKdimV <∞ and HV (t) is a rational function over the complex number. The
multiplicity series of V is defined by
eV (t)= (1− t)GKdimVHV (t),
and the multiplicity of V is defined by
e(V )= lim
t→1 eV (t).
The following definition is inspired by [11, Definition 1.4].
Definition 2.8. LetA be a noetherian connected algebra. A graded rightA-module
M is called Γ -finite if
• ldimM <∞, and
• Him(M) is locally finite and bounded above for all i  0.
We say that A is universally rational on the right if, for every finitely generated
graded right A-module M , M is Γ -finite, and both HM(t) and
∞∑
i=0
(−1)iHHim(M)(t)
are rational functions over the complex number and they are equal as rational
functions.
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Note that Γ -finiteness condition allows us to define
∑∞
i=0(−1)iHHim(M)(t) as
an element of Z[[t−1]][t]. We do not know if every finitely generated graded
right A-module is Γ -finite for a general right noetherian connected algebra A.
If A is AS Cohen–Macaulay on the right and wA is a finitely generated graded
A-module on either side, then every finitely generated graded A-module M is Γ -
finite because Him(M)∼= Extd−iA (M,wA)∗ is locally finite and bounded above for
all i  0 by Lemma 2.6 (3) and zero for i > d .
Although the definition is rather technical, many noetherian connected
algebras of importance are universally rational. For example, the following
algebras are universally rational by [11, Proposition 5.5]:
• an AS-regular algebra,
• an FBN AS-Gorenstein algebra,
• a noetherian connected PI algebra, and
• a graded quotient algebra of any of the above algebras.
In particular, a noetherian commutative connected algebra is universally rational.
3. Intersection multiplicity over connected algebras
In this section, we will prove Serre’s multiplicity conjectures for connected
algebras.
Definition 3.1. Let A be a noetherian connected k-algebra and M be a finitely
generated graded right A-module.
(1) For a locally finite, bounded below, graded left A-module N , we define
χM,N(t)=
∞∑
i=0
(−1)iHTorAi (M,N)(t).
(2) For a finitely generated graded right A-module N such that r(M,N) <∞,
we define
ξM,N(t)=
∞∑
i=0
(−1)iHExtiA(M,N)(t).
The definition of χM,N(t) involves an infinite sum of power series. However,
in the setting of the definition, TorAi (M,N) is locally finite for all i  0, and, for
each n ∈ Z, TorAi (M,N)n = 0 for all i 0 by Lemma 2.6 (2), so χM,N(t) is well
defined.
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On the other hand, in the setting of the definition, ExtiA(M,N) is locally finite
for all i  0 by Lemma 2.6 (3), but we do not know if ξM,N(t) is well defined in
general without the condition r(M,N) <∞.
It is clear that
χ(M,N)= lim
t→1χM,N(t),
and
ξ(M,N)= lim
t→1ξM,N (t)
when left hand side of each formula is well defined.
Lemma 3.2. Let A be a noetherian connected algebra. If M is a finitely generated
graded right A-module, and N is a locally finite, bounded below, graded left A-
module, then
χM,N(t)=HM(t)HN(t)/HA(t).
Proof. Exactly the same proof as that of [12, Lemma 7] goes through. ✷
By Lemma 3.2, Serre’s multiplicity conjectures for χ(M,N) hold in the
following sense.
Theorem 3.3. Let A be a noetherian connected k-algebra with GKdimA <∞,
M be a finitely generated graded right A-module, and N be a finitely generated
graded left A-module. Suppose that HA(t), HM(t), HN(t) are all rational
functions, and χ(M,N) is well defined. Then
• (Dimension) GKdimM +GKdimN GKdimA,
• (Vanishing) if GKdimM +GKdimN < GKdimA, then χ(M,N)= 0,
• (Positivity) if GKdimM +GKdimN =GKdimA, then
χ(M,N)= e(M)e(N)/e(A) > 0.
Proof. This easily follows from Lemma 3.2, but see the proof of Theorem 3.9
below. ✷
If A is a noetherian commutative connected algebra, then Theorem 3.3
improves the result of Peskine and Szpiro [4] in the sense that we do not need to
assume that M or N has finite projective dimension in the statement. Moreover,
Peskine and Szpiro used the Hilbert polynomial in their proof, so they needed an
extra assumption, such as that A is generated by elements of degree 1 over A0. If
A is not commutative, then the Hilbert polynomial may not exist even if A is an
AS-regular algebra generated by elements of degree 1 over k, so their proof has
limited applications in noncommutative settings.
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Now we focus on showing analogous results for ξ(M,N).
Lemma 3.4. Let S be a universally rational, AS Cohen–Macaulay algebra on
the left with ldimS S = d and Sw be a left dualizing module. If N is a finitely
generated graded left S-module, then
ξN,Sw(t)= (−1)dHN
(
t−1
)
.
Proof. Since S is universally rational and AS Cohen–Macaulay on the left, it
follows that
ξN,Sw(t) :=
d∑
i=0
(−1)dHExtiS (N,Sw)(t)=
d∑
i=0
(−1)iH
Hd−im (N)∗(t)
=
d∑
i=0
(−1)iH
Hd−im (N)
(
t−1
)= (−1)d
d∑
i=0
(−1)iHHim(N)
(
t−1
)
= (−1)dHN
(
t−1
)
. ✷
Definition 3.5. Let A be a noetherian connected algebra. We say that A has the
property (P) on the right if there is a universally rational AS Cohen–Macaulay
algebra S on the left, and a graded algebra homomorphism S→A such that A is
finitely generated as a graded left S-module.
If A is a graded quotient algebra of an AS-regular algebra, or an FBN AS-
Gorenstein algebra on the left, then A has the property (P) on the right. In
particular, every noetherian commutative connected algebra has the property (P).
Proposition 3.6. Let A be a noetherian connected algebra having the property
(P) on the right, and M be a finitely generated graded right A-module. If N is
a graded A-A bimodule, finitely generated on the left, such that r(M,N) <∞,
then
ξM,N(t)=HM
(
t−1
)
HN(t)/HA
(
t−1
)
.
Proof. We will carefully follow the proof of [13, Theorem 1]. Let S be
a universally rational AS Cohen–Macaulay algebra in the property (P) with
ldimS S = d , and Sw be a left dualizing module for S. By Lemma 2.4, Sw has
a finite minimal graded injective resolution I • as a graded left S-module. Let F •
be a minimal graded free resolution of the graded right A-module M . Then there
is a canonical isomorphism of complexes of graded k-vector spaces
F • ⊗A HomS(N, I •)∼=HomS(HomA(F •,N), I •)
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by [14, Lemma 4.4]. Filtering the complex on the left by the cohomological
degree of F •, and the one on the right by that of I •, we obtain two spectral
sequences
2E
q
p = TorAp
(
M,ExtqS(N,S w)
)
and
2Ep,q = ExtqS
(
ExtPA(M,N),S w
)
converging to a common limit.
Since S is universally rational, Sw ∼=Hdm(S)∗ (isomorphic as graded right S-
modules) is locally finite and bounded below. Since A is finitely generated as a
graded left S-module, it follows that N is also finitely generated as a graded left
S-module, so ExtqS(N,S w) is locally finite and bounded below for all q  0 by
Lemma 2.6 (3). By the first spectral sequence, we have
∑
p,q
(−1)p+qHTorAp (M,ExtqS(N,Sw))(t)
=
∑
q
(−1)q
∑
p
(−1)pHTorAp (M,ExtqS(N,Sw))(t)
=
∑
q
(−1)qχM,ExtqS(N,Sw)(t)
=
∑
q
(−1)qHExtqS(N,Sw)(t)HM(t)/HA(t) [by Lemma 3.2]
= ξN,Sw(t)HM(t)/HA(t)
= (−1)dHN
(
t−1
)
HM(t)/HA(t) [by Lemma 3.4].
On the other hand, since ExtpA(M,N) is a finitely generated graded left S-module
by Lemma 2.6 (4), the second spectral sequence gives
∑
p,q
(−1)p+qHExtqS(ExtpA(M,N),Sw)(t)
=
∑
p
(−1)p
∑
q
(−1)qHExtqS(ExtpA(M,N),Sw)(t)
=
∑
p
(−1)pξExtpA(M,N),Sw(t)
= (−1)d
∑
p
(−1)pHExtpA(M,N)
(
t−1
) [by Lemma 3.4]
= (−1)dξM,N
(
t−1
)
.
Hence
ξM,N
(
t−1
)=HN
(
t−1
)
HM(t)/HA(t). ✷
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Theorem 3.7. Let A be a noetherian connected algebra, M , N be finitely
generated graded right A-modules such that r(M,N) <∞. If either
(1) M has finite projective dimension, or
(2) A has the property (P) on the right, r(M,A) <∞, and N has finite flat
dimension,
then
ξM,N(t)=HN
(
t−1
)
HM(t)/HA
(
t−1
)
.
Note that if A is AS-Gorenstein, then r(M,A) <∞ for all M . If M has finite
projective dimension, then r(M,N) <∞ for all N .
Proof. If M has finite projective dimension, then the result is classical.
Suppose that A has the property (P), r(M,A) < ∞, and N has finite flat
dimension. Applying Proposition 3.6 to N = A, we have
ξM,A(t)=HM
(
t−1
)
HA(t)/HA
(
t−1
)
.
Since N has finite flat dimension, by [15, Theorem 1.10], we have a convergent
spectral sequence
2E
q
p = TorA−p
(
N,ExtqA(M,A)
)⇒ Extq+pA (M,N)
of graded k-vector spaces. Since ExtiA(M,A) are locally finite, bounded below
graded left A-modules for all i  0 by Lemma 2.6 (3), we have
ξM,N(t) :=
∞∑
i=0
(−1)iHExtiA(M,N)(t)
=
∑
p,q
(−1)p+qHTorA−p(N,ExtqA(M,A))(t)
=
∑
q
(−1)q
∑
p
(−1)pHTorA−p(N,ExtqA(M,A))(t)
=
∑
q
(−1)qχN,ExtqA(M,A)(t)
=
∑
q
(−1)qHExtqA(M,A)(t)HN(t)/HA(t) [by Lemma 3.2]
= ξM,A(t)HN(t)/HA(t)
= [HM
(
t−1
)
HA(t)/HA
(
t−1
)] ·HN(t)/HA(t)
= HM
(
t−1
)
HN(t)/HA
(
t−1
)
. ✷
252 I. Mori / Journal of Algebra 252 (2002) 241–257
Remark 3.8. In the above proof,
χN,ExtqA(M,A)
(t)=
∑
p
(−1)pHTorA−p(N,ExtqA(M,A))(t)
is well defined for each q  0 by Lemma 2.6 (2). This means that, fixing degree
n and r  2, (rEqp)n = 0 for all but finitely many pairs (p, q), so we can freely
change the order of the sum
∑
p,q
(−1)p+qHTorA−p(N,ExtqA(M,A))(t).
Similar remark applies to the proof of Proposition 3.6 above.
The following theorem is a version of Serre’s conjectures for ξ(M,N).
Theorem 3.9. Let A be a noetherian connected k-algebra having the property
(P) with GKdimA<∞, and M , N be finitely generated graded right A-modules
such that ξ(M,N) is well defined. Suppose that one of the followings is true:
(1) M has finite projective dimension,
(2) N has a graded A-A bimodule structure, finitely generated on both sides, or
(3) r(M,A) <∞ and N has finite flat dimension.
Then
• (Dimension) GKdimM +GKdimN GKdimA,
• (Vanishing) if GKdimM +GKdimN < GKdimA, then ξ(M,N)= 0,
• (Positivity) if GKdimM +GKdimN =GKdimA, then
ξ(M,N)= (−1)GKdimNe(M)e(N)/e(A).
Proof. Write d = GKdimA, m= GKdimM , n= GKdimN . By Proposition 3.6
and Theorem 3.7,
ξ(M,N) = lim
t→1ξM,N (t)
= lim
t→1
HM(t
−1)HN(t)
HA(t−1)
= lim
t→1
(1− t−1)−meM(t−1)(1− t)−neN(t)
(1− t−1)−deA(t−1)
= lim
t→1
[(−t−1)(1− t)]−meM(t−1)(1− t)−neN(t)
[(−t−1)(1− t)]−deA(t−1)
= e(M)e(N)
e(A)
lim
t→1
(−t−1)d−m(1− t)d−m−n
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= (−1)d−me(M)e(N)
e(A)
lim
t→1(1− t
)d−m−n
,
hence the result. ✷
Definition 3.10. Let R be a right noetherian k-algebra and M , N be finitely
generated right R-modules. We define the intersection multiplicity of M and N
by M ·N = (−1)GKdimNξ(M,N), provided GKdimN is an integer. (See [16] for
the definition of GKdimension for an ungraded module.)
Theorem 3.9 together with Theorem 3.3 shows that two definitions of the
intersection multiplicity agree if A is commutative, which is analogous to
Theorem 1.2.
Corollary 3.11. Let A be a noetherian commutative connected k-algebra and M ,
N be finitely generated graded A-modules. If both χ(M,N) and M ·N are well
defined, then
χ(M,N)=M ·N.
Note that we do not need to assume that M or N has finite projective dimension
in Corollary 3.11.
4. Intersection multiplicity over filtered algebras
In this last section, we will see that Serre’s multiplicity conjectures hold for
noncommutative filtered algebras in certain situations. Main references to filtered
algebras are [17] and [16]. We will treat the following type of filtrations:
Definition 4.1. Let C be a category and V be an object in C . A filtration of V is a
family of subobjects of V , FV = {FpV : p ∈ Z}, such that
· · · ⊂ Fp−1V ⊂ FpV ⊂ Fp+1V ⊂ · · · ,
and V =⋃p∈ZFpV . We say that FV is discrete if there is an integer s such that
FsV = 0.
We will give examples of filtered rings in order to fix some terminologies.
Example 4.2. (1) Let R be a ring and I be a two-sided ideal of R. The I -adic
filtration of R is obtained by putting FpR = R for p  0 and FpR = I−p for
p < 0. If M is a right R-module, then the I -adic filtration of M is obtained by
putting FpM =M for p  0 and FpM =MI−p for p < 0.
(2) Let R be a finitely generated k-algebra and V be a finite dimensional
k-vector space generating R as a k-algebra. The standard filtration of R with
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respect to V is obtained by putting FpR = 0 for p < 0 and FpR =∑pi=0 V i (by
convention V 0 = k) for p  0. If FR is a standard filtration of R, then it is clear
that FR is discrete, and grR is a connected k-algebra.
(3) Let R be a filtered ring, M be a finitely generated right R-module, and
W be a finitely generated F0R-submodule of M which generates M as a right
R-module. The standard filtration of M with respect to W is obtained by putting
FpM =WFpR for all p. Suppose that FM is a standard filtration of M . It is clear
that if FR is discrete, then so is FM . Moreover, if M is a finitely generated right
R-module, then grM is a finitely generated graded right grR-module.
Let R be a filtered ring and M , N be filtered right R-modules. An R-module
homomorphism f ∈HomR(M,N) is said to have degree p if f (FqM)⊂ Fp+qN
for all q ∈ Z. Homomorphisms of degree p form a subgroup Fp HomR(M,N)
of HomR(M,N). If M is finitely generated over R, then F HomR(M,N) is a
filtration of HomR(M,N) in the category of abelian groups. There is a natural
map
ϕ : gr HomR(M,N)→HomgrR(grM,grN)
given by ϕ(fp)(mq)= f (m)p+q for f ∈ Fp HomR(M,N) and m ∈ FqM .
The existence of the spectral sequence in the proof of the following theorem
is known (see [18]). We will recall the construction in order to check the
convergence.
Theorem 4.3. Let R be a right noetherian filtered k-algebra such that grR is right
noetherian, and M , N be finitely generated right R-modules such that grM , grN
are finitely generated over grR. Suppose that FN is discrete. If ξgrR(grM,grN)
is well defined, then ξR(M,N) is also well defined and
ξR(M,N)= ξgrR(grM,grN).
In particular, if we take standard filtrations on R, M , N (such that grR is right
noetherian), then
M ·N = grM,grN.
Proof. We will follow [18] for the construction of the spectral sequence below.
By [16, Theorem 7.6.17], there is a resolution P• →M → 0 by finitely generated
filtered-free modules such that grP• → grM → 0 is a free resolution as graded
grR-modules. Let C• be the complex HomR(P•,N). Since differentials in the
resolution P• → M → 0 have degree 0, differentials in C• preserve degrees,
so C• has a filtration FC• in the category of cochain complexes. By [19,
Construction Theorem 5.4.1], FC• naturally determines a spectral sequence
1E
pq =Hp+q(FpC•/Fp−1C•). By [17, Lemma 6.4],
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n/Fp−1Cn = Fp HomR(Pn,N)/Fp−1 HomR(Pn,N)
= (gr HomR(Pn,N))p
∼= HomgrR(grPn,grN)p,
so 1Epq = Extp+qgrR (grM,grN)p . If FN is discrete, then so is F HomR(Pn,N)
for each n by [17, Proposition 6.3], hence 1Epq converges to Hp+q(C•) =
Extp+qR (M,N) by [19, Classical Convergence Theorem 5.5.1].
Since the spectral sequence converges as k-vector spaces, we have
ξgrR(grM,grN) =
∑
i
(−1)i dimk ExtigrR(grM,grN)
=
∑
i
(−1)i
∑
p
dimk ExtigrR(grM,grN)p
=
∑
i
(−1)i
∑
p
dimk
(
1E
p,i−p)
=
∑
i
(−1)i
∑
p
dimk
(
∞E
p,i−p)
=
∑
i
(−1)i dimk ExtiR(M,N)
= ξR(M,N).
Note that if ξgrR(grM,grN)=∑i (−1)i
∑
p dimk(1Ep,i−p) is well defined, then
1E is bounded and 1Epq are all finite dimensional. Since ∞Epq are subquotients
of 1Epq , it follows that
∑
i (−1)i
∑
p dimk(∞Ep,i−p) is also well defined.
In particular, if we take standard filtrations on R, M , N (such that gr R is right
noetherian), then GKdimN =GKdim grN by [16, Proposition 8.1.14], hence the
result. ✷
Example 4.4. Let R be the Weyl algebra, and V be the standard k-vector space
generating R as a k-algebra. By the standard filtration on R with respect to V ,
A= grR is the polynomial ring. Let M and N be finitely generated R-modules.
By taking standard filtrations on M , N , we have M · N = grM · grN when
grM · grN is well defined by Theorem 4.3, and Serre’s multiplicity conjectures
hold for such M , N by Theorem 3.9.
Let R be the first Weyl algebra. For f ∈ R, we define the degree of f to
be the integer p such that f ∈ FpR but f /∈ Fp−1R, and the initial form f¯
of f to be the image of f in FpR/Fp−1R. If M = R/fR, N = R/gR for
some f , g ∈ R, then we have grM = A/(f¯ ),grN = A/(g¯). It is easy to see
that grM · grN is well defined if and only if gcd(f¯ , g¯) = 1, and in this case,
M ·N = grM · grN = deg f¯ deg g¯ = degf degg.
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Finally, we will see that the spectral sequence in Theorem 4.3 may not be
convergent if FN is not discrete as the following example shows:
Example 4.5. Let R = k[x, y] be the commutative polynomial ring. There are
two natural filtrations of R, namely, I = (x, y)-adic filtration and the standard
filtration with respect to V = kx + ky . In either filtration, grR = k[x, y] =: A
is the polynomial ring. However, the standard filtration is better than the I -
adic filtration in terms of calculating the intersection multiplicity. For example,
let M = R/(x), and N = R/(y + y2). If we use the standard filtration, then
grM = A/(x) and grA/(y2), so by Theorem 4.3, M · N = grM · grN =
e(grM)e(grN)/e(grA) = 2. However, if we use I -adic filtration, then grM =
A/(x) and grN =A/(y) and grM ·grN = e(grM)e(grN)/e(grA)= 1 
=M ·N .
This happens because FN is not discrete in I -adic filtration.
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